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Abstract 

We studied the supersymmetric and non-supersymmetric perturbations 
to cascading gauge theory. In particular we use KT background and the back 
reaction of the generic linearized perturbation make the dilaton to run and 
the T^ 1 ' 1 ) gets squashed which in turn make the supersymmetry to be broken. 
But if we make a special linearized perturbation in such way that the T^ 1 ' 1 ) is 
not squashed then the corresponding perturbation preserve supersymmetry. 



1 Introduction 



It has been a practice to generate as much gravity solution as possible. As 
these solutions are of prime importance because of the celebrated gauge grav- 
ity duality [1], [2], [3]. Even though this duality is for the AdS$ x S 5 and 
the M — 4 in 3+1 dimension, but still there is a hope that we can apply this 
duality for different cases in the sense of non-conformal, super symmetric and 
non-supersymmetric solutions. 

In this context there arises an interesting gravity solution generated by 
Klebanov and collaborators, (Nekrasov, Tseytlin and Strassler) [4], [5], [7], 
who considered the supersymmetric intersections of N D3 branes and M D5 
branes wrapped on the 2-cycle of a Calabi-Yau manifold that is the coni- 
fold [8]. For this configuration they successfully generated an interesting and 
important gravity solutions which preserves Af = 1 supersymmetry and are 
non-conformal in nature. The most interesting solution that is [7] shows 
confinement but in the large r limit it goes over to the singular [5] solu- 
tion. The corresponding dual field theory is the M — 1 supersymmetric 
SU(N + M) x SU(N) gauge theory with two bi-fundamental and two anti- 
bifundamental chiral superfields and with a non-trivial superpotential. A 
T-dual version of this is studied by [13], [14], in which the authors took the 
intersection of two stacks of separated NS 5 branes extended along (12345) 
and (12389) and a stack of D4 branes along (1236). The coordinate x e is 
taken as compact and the two gauge couplings are determined by the posi- 
tion of the NS 5 brane, in particular the couplings are equal when they are 
placed at the diametrically opposite points. 

These solutions has the interesting feature like the cascading behavior 
[9], which means the rank of the gauge group falls and become SU(N — 
M) x SU(M) gauge theory after going through one Seiberg duality and this 
process continues until IR where it reaches a confining gauge theory described 
by SU(M) gauge theory. The duality is properly constructed from the field 
theory point of view in [7], [10] and its being emphasized in [10] that this 
duality is not a property at IR but its an exact duality. 

The gauge theory has got two couplings g\ , #2 apart from the coupling A 
that comes from the superpotential. These two gauge couplings are related to 
the dilaton and the integrated 2-from flux that comes from NS-NS sector over 
the 2-cycle of T^ 1 ' 1 ) by gauge/gravity duality, whose precise form is given in 
[7], [10]. Topological^ T^ 1 ) is S 2 x S 3 with symmetry SU(2) x SU(2) x U(l), 
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and is a coset space — - - ' . 

From the gravity point of view the solutions [5], [7] has got a non-trivial 
3-from complex field strength, G 3 , which has the structure (2,1), according to 
its Hodge classification [7], [11] and obey the ISD condition. This particular 
structure of the flux in turn make the dilaton to be a constant and the brane 
configuration supersymmetric. But its not necessarily true that by making 
the dilaton to run we have to break supersymmetry. We shall see both the 
supersymmetric and non-supersymmetric (linearized) solution for which the 
dilaton is not constant. 

The metric of the KT solution preserves a U(l) symmetry, which is asso- 
ciated to the shift of an angle connected to the fiber of T^ 1 ' 1 - 1 , but is broken 
to Z 2 m by the 2-form potential coming from the RR sector, even though its 
field strength does preserve this symmetry. This in the dual field theory is 
interpreted as the break down of the R-symmetry [12] and its a spontaneous 
breaking. From this it follows that in the absence of D5 branes wrapped on 
the 2-cycle this U(l) symmetry is an exact symmetry. In the linearized per- 
turbed solution, we shall see explicitly that the whole things goes over and 
the R-symmetry is broken irrespective of whether we break supersymmetry 
or not, as we do not change the 2-form RR potential, C 2 . 

Summarizing, in this paper, we shall see the following points. 
(1) By doing a linearized perturbation to the metric and fluxes with two 
independent parameters S and 0, [16], we considered the back reaction of 
this perturbation to the original KT solution and obtained the solution in 
Einstein frame as 



ds" = /.-^x^ + ^[rfr 2 + r 2 (l + ^^)| + ^(^ + ^ + ^ + ^)] 




^3 



95 A (gi A 92 + 93 A# 4 ), Co = 



f(r)dr A (g 1 A g 2 + g 3 A g A ) 



[(hi + h 2 Log r)S - h 3 <fi] 
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f(r) = fc(r) = «(r) = |^r+l((^ft 1 -^)5 + ^/i2Loffr-^M), 



where hi, h 2 and h 3 are real and independent parameters. For a very specific 
choice like: hi = h 2 — f|, and /i 3 = || , we get the solution [16]. 

(2)From this solution it just follows that we have not changed the RR 3- 
form, F3, flux and hence the quantization condition associated to it remains 
intact. But the H 3 is now different so also the 5-form flux. The corresponding 
quantization condition has the leading term which goes logarithmically but 
the subleading term goes as inverse power law for h 2 — and in general 



2/2 



T(M) 



F 5 ~ g s M'a 



3 r 1 

-Logr + — 



4? hi -^ )s+ t sh2Logr -^ 



(2) 



(3) The complex 3-from flux made out of NS-NS, RR 3-from fluxes and 
the dilaton contains both the imaginary self dual and the imaginary anti self 
dual piece. 



G + = 
G_ = 



iMa' 



n Sh 2 /28 16 r 

2 — 1 Loq r 

r 4 V81 27 y 



iMa' 



Sh 2 /12 16 T 

— 7- 1 Loo r 

r 4 V81 27 y 



z m dz m A €ijkiZjZjdzk A dz[. (3) 



It means generically the solution presented in eq(l) break supersymmetry. 
However for a very specific choice of parameter the solution preserves super- 
symmetry and it is h 2 = 0. Note that the squashing of T^ 1,1 ) is proportional 
to h 2 . 

(4) Upon looking at the space of solutions, it just follows that there is a 
supersymmetry preserving 2-plane described by (hi, h 3 ) which sits at h 2 = 0. 
Away from this particular plane supersymmetry is broken and is broken 
dynamically. 

(5) From the solution presented in eq(l), it just follows trivially that the 
dilaton runs irrespective of whether the solution is supersymmetric or not. 
But the way it runs depends very much on whether supersymmetry is pre- 
served or not. 

The organization of the paper is as follows. In section 2, we shall write 
down the equations of motion for IIB and the ansatz that we are going to use 
and in section 3, we shall give the details of the solutions and then conclude 
in section 4. 



(1) 
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2 Ansatz and the equations 



We would like to set up the notation for which we can apply the resulting 
equations for the deformed conifold. Let us introduce some 1-form objects 
following [6], [7] 

_ ei - e 3 _ e 2 - e 4 

ei + e 3 e 2 + e 4 , 

9s = ^= , 9a = ^= , #5 = e 5 , (4) 

where 

ei = —sin9id<f>i, e 2 = e 3 = sin9 2 d(fi 2 — sinipd9 2 

e 4 = simp sin9 2 d<p 2 + cosipd9 2 , e 5 = dip + cos9id<pi + cos9 2 d(f> 2 . (5) 

and construct an ansatz of 10-dim metric consistent with the symmetry of a 
deformed conifold 



ds 2 = A\T) V , u dxW + B\T)dT 2 + C\T)gl + D 2 (T)(gl+gl) + E 2 (r)(g 2 1+ gl). 

(6) 

The 3-form fields, dilaton, axion and 5-form self-dual field is assumed to 
take the following form 

Fs = -^K 1 - F )95^93^94 + Fg 5 Ag 1 Ag 2 + F > drA(g 1 Ag 3 + g 2 Ag 4 )] 
a Ma' 

B 2 = ^—[f(r)giAg 2 + k(r)g 3 Ag 4 ], C = 0, $ = $(r) 

q s Ma' r , . , , . k—f 

H 3 = ^—[dTA(fg 1 Ag 2 + k / g 3 Ag 4 ) + ^-g 5 A(g 1 Ag 3 + g 2 Ag 4 )\ 

a M 2 a' 2 

F 5 = (l + *io)^5, -^5 = ^ Asa A A 04 A 05, £= f(l-F) + kF 

(7) 

Note that the if 3 we have taken is different from the ansatz considered 
in [24]. The difference is that our ansatz has a symmetry (ant-symmetric) 
under Z 2 , which is to interchange the two >S 2 's i.e. (#i,0i) with (9 2 ,(p 2 ). Its 
easy to check that the equation of motion remain unchanged under this. 
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For completeness we shall write down the ansatz to NS-NS 3-form field 
strength, written down in [24] 

H ( 3 PT) = {h' 2 -h' 1 )dTAg 1 Ag 2 -(h' 1 + h' 2 )drAg 3 Ag 4 - 

h 2 95 A (gi Ag 3 + g 2 A g 4 ) + 2 X 'dr A (g 2 A g 3 - g 1 A g 4 ) , (8) 

where we have taken r as the radial coordinate. 

This form of H 3 PT ^ has a piece which is symmetric and another piece 
anti-symmetric under Z 2 , which means if we want to have the Z 2 symmetry 
in the equation of motion then we need to set x' to zero. In any case we shall 
take the ansatz written above. 

The dilaton equation in this case is 

V7 2 (h — \U ttMNP 2$ p t-iMNP] / Q \ 

V <P — — [H MNP-ti — e r M Npr \- (yj 

The various terms in this equation are 

„ 1 n r A A CD 2 E 2 $\ 



A A BCD 2 E 2 L B 

tt ttMnp I ji§ jp tpMnp 3 n/r2 , 2l g s f g s k (k — f) g s 
H MNP H ± e F MNP F =-Ma [— + — + ^ 

, 2* 0- ~ F ) , 2* F 2 +Oc 2$ — 1 (10) 

6 C 2 D A C 2 E A B 2 D 2 E 2 1 j 

So the dilaton equation of motion give 

1 8 A A CD 2 E 2 V = g s M 2 a> 2 _ 9 g 2 f 2 &f_ 

A A BCD 2 E 2 T B l ~ 8 6 B 2 E A B 2 D A 

(k-f) 2 g 2 s r2 „ (l-F) 2 M F 2 F' 2 

2 C 2 D 2 E 2 C 2 D A C 2 E A B 2 D 2 E 2 1 1 

The equation for F 3 is 

d* w (e*F 3 ) = g,F 5 AH 3 . (12) 
The expression for both the LHS and RHS are 
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, Mc/A-F *A*BE? F ^A^BD 2 ^A 4 C 

dr A g 5 A (gi A g 3 + g 2 A g 4 ) A ■ ■ ■ A dx 3 
(g s Ma'f A 4 B £(k - f) 



g s F 5 AH 3 = 



8 C£> 2 F 2 2 
drAg 5 A (#1 A g% + g 2 A g^) A dx° ■ ■ ■ A dx 3 

(13) 



Hence the resulting equation of motion for F 3 is 

1-F „A 4 BE^_F „ A 4 BD 2 ^A^C = g 3 M 2 a' 2 A 4 B £(k - f) 

2 6 CD 2 2 6 CF 2 [ 6 B ' 4 CD 2 E 2 2 

(14) 

The equation for H 3 is 

d*io(e-*fl- 3 ) = -^F 5 AF3. (15) 
The expression for both the LHS and RHS are 



, <^>rr^ 9sMa'^. r . *,A 4 CD 2 ^ k-f $,A A B l0 ,„ 

d*!o(e-*^3) = [«9 T (/V $ -^^) + ^^e-*-^]^ 5 A^A(74A(i a ; ---A^ 3 

g s Ma'^ n . x,A A CE 2 ^ k-f < t> A 4 B 1 , n ,„ 

- «f__[a T (fc' e -*-^-) - _^e-*-^](?5 A 9l A g 2 A dx° ■ ■ ■ A dx 3 

~ „ g 2 M 3 a' 3 A A B „ , n , „ , 
-g s F 5 AF 3 = ^ CD 2 E 2 ■ ■ ■ A c?x Adr A [(1 — F)g 5 A g 3 A g± 

+Fg 5 A 9l A g 2 ] (16) 
Hence the resulting equation of motion for F3 are 



2 CF> 2 F 2 TV FF> 2 7 v C 

The Bianchi identities associated to the form fields are identically satis- 



fied. 
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R 



Now the equation of motion for the metric results 

/> ,„./-\ <' ( - >liS " 

96 



MN 



i<9 M $ d N $ + §;F MPQRS F N PQRS + 



[HmpqHn PQ 



+ e™F MPQ F N p Q} 



-9mn[H pqr H p ^ r + e 2 *F PQR F p Q R ]. 



48 

For the choice of our metric and form fields we get the following compo- 
nents of Ricci tensor 



R 



3A 



12 



AA'B' AAC 2AAD' 
+ 7^ + 



2AAE' AA' 



B 2 B 3 
{g s Ma') A £ 2 A 2 



B 2 C B 2 D 
g s M 2 a' 2 



64 C 2 D 4 E 4 



+ 



(k-ff 



9 2 s 



9* ' 



32 
F) 2 



A 2 e~* 
F 2 



B 2 E 

( gif' 2 



\B 2 E 4 



+ 



B 2 
g 2 k' 2 



+ 



2<f> 



C 2 D 2 E 2 



C 2 D 4 



C 2 E 4 



2e 



2* 



B 2 D A 
B 2 D 2 E 2 ) 



(18) 



(19) 



UA'B' B'C 2B'D' 2B'E' AA' C" 2D" 2E' r 
TT ~ \ ~AB~ + ~BC ^ ~BD~ ^ ~~BE T ~ ~C ~ ~D iT 

J\4 f)2 U 2 „ H/r2„,>2 ,„2fl2 „2ij2 T?l2 



V (9sMa'Y i 2 B 2 g s M 2 a' 2 _^g 2 f' 2 g 2 k' 2 2$ F' 2 \ 
2 64 C 2 D 4 E 4 8 6 \ E 4 D 4 D 2 E 2 ) 

g s M 2 a' 2 _ e ^fglf^ + 9jk^ + {k-f) 2 g 2 B 2 + ^ (1 - F) 2 B 2 + 



e 



32 \ E 4 D 4 2 C 2 D 2 E 2 C 2 D 4 

T?2 r2 t?i2 \ 

2$ r D i o„2# r \ 



C 2 E 4 



C 2 D 2 C 2 D 4 E 2 E 4 2DAD' 

e 1 e 1 - e 2 e 2 - -Jjp- ~4E 2 + 16C 2 E 2 ~ 1QC 2 + 16C 2 D 2 ~ AB 2 + 
DB'D' DC'D' D' 2 2EAE' EB'E' EC E' DD'E' 

2B 3 ~ 2B 2 C ~2B 1 ~ AB 2 + 2S 3 ~ 2B 2 C ~ B 2 E ~ 
ED'E' E' 2 DD" EE" 



B 2 D 2B 2 2B 2 2B 2 

(g s Ma>) 4 i\D 2 + E 2 ) , g s M 2 a> 2 g 2 f' 2 , g 2 k' 2 , g 2 (k - f) 2 



128 C 2 D 4 E 4 + 16 6 \B 2 E 2 + B 2 D 2 + AC 2 D 2 + 
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9 2 s (k - ff r ^ {l-F? 2 *J^_ 2<S> J^_ p2 *J^_\ _ 9sM 2 a' 2 

AC 2 E 2 + e C 2 D 2 + e C 2 E 2 B 2 D 2 B 2 E 2 ) 64 

p -* (D 2 , F 2, | dlk" (k - ff g 2 r 2* {l-F) 2 

K \B 2 E 4 B 2 D 4 2 C 2 D 2 E 2 C 2 D 4 

+ e-^ + 2e-^). (21) 



Rfcfc = sin 2 9iRo iei + cos 2 9 i R i)i) (22) 



1 C 4 D 2 E 2 _ ACA'C CB'C 2CCD' _ 2CCE' CC"' 

2 + D 2 E 2 ~ AE 2 ~ AD 2 ~ AB 2 + B 3 BW We W 
(g s Ma'f I 2 o s M 2 a' 2 _^fg 2 (k-ff , 2$ 2(1-F) 2 2$ 2F 2 



64 D 4 E 4 + 16 6 V D 2 E 2 +C D 4 + 6 E 4 

g s M 2 a> 2 2 (gjf' 2 g 2 s k' 2 (k - f) 2 g 2 2$ (1-F) 2 

32 \B 2 E 4 B 2 D 4 2 C 2 D 2 E 2 C 2 D 4 

+ e»^ + 2e»^). (23) 



COS ft 

2CCD' 



1 C 4 

2 + F> 2 F 2 



F 2 



F 2 



4^2 4D 2 

2CCE' CC"] 



ACA'C CB'C 
+ 



AB 2 



B 3 



B 2 D B 2 E 
(g s Ma'f e 



cos ft 
g s M 2 a' 2 



32 

,2$ 



64 

^C 2 



D 4 E 4 
(9 2 sf 2 



+ 



B 2 . 
g s M 2 a' 2 

16 
g 2 k' 2 



9 2 s (k - ff 
D 2 E 2 
(k-ff 



+ e 2$ 2(1 F)2 +e 2$ 



F 2 



VF 2 F 4 ' F 2 F> 4 
F' 2 \ 



+e 2 *— + 2e 2 * - 

C 2 F 4 B 2 D 2 E 2 ) 



+ 



cos 6jR, 



9 2 



C 2 D 2 E 2 



+ e 



D 4 

C 2 D 4 



■iplp • 



2F 2 
'E 4 



(24) 



— s%n9\sinQ 2 cos^) 

2DA'D' DB'D' 
AB 2 + 2F 3 



C 2 



D 2 



C 2 



D 4 



E 2 



AD 2 16C 2 4F 2 16C 2 F 2 16C 2 
BCD' D' 2 2EA'E' EB'E' 



2B 2 C 2B 2 



AB 2 



2B 3 



E 4 
' 16C 2 D 2 
EC'E' 
2B 2 C ~ 



9 



DD'E' ED'E' E' 2 

+ + 



B 2 E B 2 D 2B 2 2B 2 
D 2 E 2 ACA'C CB'C 



DD" EE" 
+ 



AE 2 
1 
2 



AD 2 

sin6isin02cosil) 



+ 



2B 2 

2CCD' 



+ cos 9icos92 
2CCE' 



1 C 4 

2 + L> 2 £ 2 



AB 2 B 3 B 2 D B 2 E 

,Ma') A £ 2 (E 2 - D 2 ) g s M 2 a' 2 _ 



64 



9 2 s (k - ff 
AC 2 D 2 
g s M 2 a' 2 

32— ' 

F 2 



9 2 s (k - f) 2 _ ^ 



C 2 D 4 E 4 
'I — F) 2 



+ 



4C 2 £ 2 
-*(E 2 -D 2 ) 



C 2 D 2 

2 f 12 Jl 1J2 



+ e 



2<i> 



8 

F 2 



B 2 
9 2 s f' 2 



2$ 



B 2 E 2 

F I2 



9 2 k' 2 
B 2 D 2 



( 9jf 

\B 2 E 4 ~ r B 2 D 4 



+ 4Sr^7 + 



C 2 E 2 
(k-ff 



B 2 D 2 



— e 



2$ 



+ 



?I2 



9 2 



C 2 D 2 E 2 



+ e 



2* 



p/2 s 

C 2 E 4 B 2 D 2 E 2 ) 



+ cos6icos6 2 R 



B 2 E 2 

C 2 D A 

(25) 



C 2 



D 2 



C 2 



D 4 



DB'jy 

+ 2B 3 2B 2 C 2B 2 ' AB 2 2B 3 
DD'E' ED'E' E' 2 DD" EE"- 



E 2 



E 4 



AD 2 16C 2 AE 2 1QC 2 E 2 16C 2 1QC 2 D 2 

DC'D' D' 2 2EA'E' EB'E' EC'E' 
+ 



2DA'D' 
AB 2 



2B 2 C 



B 2 E 

--sin9] sinib 
2 * 



B 2 D 2B 2 2B 2 2B 2 



{g s Ma'Y i 2 (E 2 - D 2 ) g s M 2 a' 2 _* ( 9 2 J' 2 

<~ ^ ^ 



2U2 



9 2 s k 



64 



C 2 D 4 E A 



\B 2 E 2 B 2 D 2 



+ 



9 2 (k-f) 2 gl{k-ff 
AC 2 D 2 
g s M 2 a' 2 



2$ ' 



Ff 



+e 



2<1> 



32 

F 2 
C 2 E 4 



AC 2 E 2 
*(E 2 

F >2 



C 2 D 2 
2fl2 „2U2 



+ e 



2* 



_2$ 



F 



12 



,i/2 



„2$ 



\b 2 e 4 



9 2 k'- 
B 2 D 4 



+ 



C 2 E 2 
{k-ff 



B 2 D 2 B 2 E 2 

9l , ^(l-F) 2 



C 2 D 2 E 2 



+ e 



+ 2e 



2$ 



B 2 D 2 E 2 



C 2 D 4 
(26) 



r C 2 D 2 C 2 D A E 2 E 4 2DA'D' 

^lAD 2 16C 2 4£ 2 16C 2 £ 2 16C 2 16C 2 D 2 AB 2 
DB'D' DC'D' D' 2 2EA'E' EB'E' EC'E' 

+ 2B 3 ~ 2B 2 C ~2B 2+ AB 2 25 3 + 2B 2 C ~ 
DD'E' ED'E' E' 2 DD" EE"' 

B 2 E + B 2 D + 2B 2 ~ 2B 2 + ~2B 2 '. 
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(g s Ma'f£ 2 (E 2 



2 C ° Si! [ 64 C 2 B 4 E 4 
9 2 s (k - ff gjjk - ff 
AC 2 B 2 AC 2 E 2 
g s M 2 a' 2 _ 



D 2 ) g s M 2 a' 2 . 



( 9 2 sf' 2 



2<i> 



8 

[l-F) 2 



32 



+e 



2$ 



C 2 £ 4 



+ 2e 



(£ 2 - D ) 

^V2 



C 2 D 2 



+ e 



2* 



V5 2 £ 2 
F 2 



+ 



B 2 E 4 B 2 D i 



+ 



C 2 E 2 
{k-ff 



+ e 



2* 



9 2 k' 2 
B 2 D 2 

p/2 



+ 



„2$ 



7'2 



9 2 s 



B 2 D 2 B 2 E 2 

2^-Ff 



C 2 D 2 E 2 



+ e 



2$ 



B 2 D 2 E 2 



C 2 D 4 
(27) 



R, 



"201 — 



sin92sin^ 



C 2 



D 2 



C 2 



D 4 



E 2 



E 4 



AD 2 16C 2 AE 2 IQC 2 E 2 16C 2 1QC 2 D 2 
DB'D' BCD' B' 2 2EA'E' EB'E' EC'E' 



2BA'B' 
AB 2 



+ 



2B 3 2B 2 C 2B 2 AB 2 2B 3 
DD'E' EB'E' E' 2 BB" EE"-\ 



+ 



2B 2 C 



B 2 E B 2 B 2B 2 2B 2 
{g s Ma'Y £ 2 {E 2 - 



2B 2 



B 2 ) g s M 2 a' 2 ^ 

\~ „ 6 



--sin9 2 simf) 
2 L 64 

9 2 s (k ~ ff 9 2 (k - ff 
AC 2 E 2 

~*(E 2 -B 2 ) 

F I2 



C 2 B 4 E 4 

(l-F) 2 



2U2 



( gif' 2 g 2 k 



+ 



2$ ' 



4C 2 B 2 
g s M 2 a' 2 



2* 



32 
F 2 



C 2 D 2 

( 9 2 s f' 2 , 9lk' 2 
\B 2 E 4 



+ e 



2$ 



B 2 B 4 



+ 



C 2 E 2 
(k-ff 



\B 2 E 2 B 2 B 2 

p/2 p/2 
. 2<I> r '>'<> ' 



2* 



B 2 B 2 



9 2 s 



C 2 B 2 E 2 



+ e 



2* 



C 2 E 4 

The Ricci scalar is 



2e 



2$ 



B 2 B 2 E 2 



R 



1 



2C 2 
8A'C 

AB 2 C 
AB'E' 



2 2 

B 2 + E 2 
2B'C 



C 2 



B 2 



B 2 E 2 ) 
'l-Ff 
C 2 B 4 

(28) 



E 2 



B 3 C 
ACE' 



B 2 E 2 
IQA'B' 

AB 2 B 
8B'E' 



+ 



AC 2 E 2 
AB'B' 

B 3 B 
2E' 2 



AC 2 B 2 
AC'B' 



12A' 2 

A 2 B 2 
2B' 2 



8A'B' 

AB 3 ~ 
16A'E' 



B 2 CB B 2 B 2 AB 2 E 
8A" 2C" AB" AE" 



+ 



B 3 E 
1$'2 



+ 



B 2 CE B 2 BE B 2 E 2 AB 2 B 2 C B 2 B B 2 E 
g s M 2 a' 2 § / g 2 f' 2 , g 2 s k' 2 , g 2 (k - f) 



2B 2 ' 16 
,^-Ff 



\B 2 E 4 
F 2 



+ 



B 2 B 4 

F I2 



+ 



2C 2 B 2 E 2 



+ 



. —L + e 2*_ i 2e 2 * : ) 

C 2 B 4 C 2 E 4 B 2 B 2 E 2 ) 



(29) 
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It just follows from the computation of the Ricci components that all the 
components are not independent, which tells us to make a choice. So we 
shall take the Ricci components that give independent equations are 

R X x > Rtt, Rei9i, Rtini>, Reie 2 - (30) 

It is interesting to note that some of the Ricci components that are com- 
puted using the metric eq(6) are symmetric and some are anti-symmetric 
under the interchange of D < — > E, that is the size of the two <S 2 s. 

Upon going through the ansatz to the solution, we found that there are 9 
unknowns: one from F 3 flux, two from H 3 flux, one from dilaton and five from 
the metric. Simultaneously there are 9 equations: one from F 3 equation, two 
from H 3 , one from dilaton and five from Ricci tensor equations. So there are 
as many equations as unknowns. 

Let us summarize all the 9 equations: 



1 X A 4 CD 2 E 2 §\ g s M 2 a' 2 ^,g 2 J' 2 g s k' 2 
1 J A A BCD 2 E 2 B 8 [ B 2 E 4 B 2 D 4 

(k-f) 2 9 2 s c ^ {l-F) 2 ^ F 2 ^ F' 2 , 



2 C 2 D 2 E 2 C 2 D 4 C 2 E 4 B 2 D 2 E 2 

1 — F $ A 4 BE 2 _ F A 4 BP 2 (F ,»^£ _ dlM 2 a' 2 A 4 B t{k - f) 

[ 1 2 CD 2 2 CE 2 + r{ B ' A CD 2 E 2 2 

g s M 2 a> 2 A 4 B ^ A 4 CD 2 ^ ^A 4 B 

[3] 2 CD 2 E 2 i{1 - F) = 2dAfe ^^ ) + ( ^ /)e -C~ 

1 J 2 CD 2 E 2 r[ BD 2 ' 1 J) C ' 

3A' 2 AA'B' AA'C 2AA'D' 2AA'E' AA" 

1 J ~[f2 + B 2Q + B 2 D + B 2 E + ~ B ~2~ ~ 

(g s Ma') 4 £ 2 A 2 g s M 2 a' 2 g 2 J' 2 g 2 s k> 2 

64 C 2 D 4 £ 4 32 6 VE 2 ^ 4 5 2 L> 4 

(A; " /)2 91 | c 2 ^ 1 -^ 2 | c 2 * ^ I o c 2* ^ 



2 C 2 D 2 E 2 C 2 D 4 C 2 E 4 B 2 D 2 E 2 , 

AA'B' B'C 2B'D' 2B'E' AA" C" 2D" 2E" 

^ AB + ~BC + BD + ~BE T ~ ~C~ ~ ~D ~E~ ~ 

V _ PB 2 g s M 2 a' 2 ^ f g 2 f' 2 g 2 k' 2 M F' 2 \ 

2 64 C 2 D 4 £ 4 8 U 4 D 4 D 2 E 2 ) 
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g s M 2 a' 2 , g 2 s k' 2 , {k-ff g 2 B 2 2 ^{i-f) 2 b 2 



32 V -E 4 -D 4 2 C 2 B 2 E 2 C 2 B 4 

t?1 n2 cv2 x 

C 2 E 4 D 2 E 2 )' 

C 2 D 2 C 2 B 4 E 2 E 4 2DA'D' 

^ ~ 4D 2 ~ 16C 2 ~4E 2 + 16C 2 E 2 ~ 16C 2 + 16C 2 D 2 ~ AB 2 + 
DB'D' BC'B' B' 2 2EA'E' EB'E' EC E' DD'E' 

2B 3 ~ 2B 2 C ~2B 2 ~ AB 2 + 2B 3 ~ 2B 2 C " B 2 E ~ 
EB'E' E' 2 BB" EE" 



B 2 B 2B 2 2B 2 2B 2 

(g s Ma') 4 £ 2 (B 2 + E 2 ) g s M 2 a' 2 g 2 f' 2 g 2 k' 2 g 2 (k - f) 2 

128 C 2 B 4 E 4 16 6 \B 2 E 2 B 2 B 2 AC 2 B 2 

9 2 s (k-f) 2 r2 * (l-F) 2 „ F 2 p2 *J^_\ _ g s M 2 a' 2 

AC 2 E 2 C 2 B 2 C 2 E 2 B 2 B 2 B 2 E 2 ) 64 

-* (D 2 , jpjtffl | 9lk' 2 (k - ff gl ^ {l-Ff 
K \B 2 E 4 B 2 B 4 2 C 2 B 2 E 2 C 2 B 4 

C 2 E 4 B 2 B 2 E 2 )' 

1 C 4 B 2 E 2 ACA'C CB'C 2CCB' _ 2CCE' CC" 

N 2 + JJ2 E 2 ~ 4^2" ~ 4^2" AB 2 + — £2^ B2~ 

{gsMa'Y P g s M 2 a' 2 ( g 2 s {k — f) 2 2$ 2(1-F) 2 2$ 2F 2 ^ 



— i— _ e ^ — u e — — h e 

64 D 4 £ 4 16 V D 2 £ 2 D 4 i? 4 

g s M 2 a' 2 2( g 2 J' 2 g 2 k' 2 (k - f) 2 g 2 2$ (1-F) 2 
32 VB 2 £ 4 5 2 D 4 2 C 2 /) 2 ^ 2 C 2 D 4 

EV2 N 

+e 2 *— + 2e 2 * - I 

C 2 £ 4 B 2 B 2 E 2 )' 

C 2 B 2 C 2 B 4 E 2 E 4 _ 2DA'D' 

^ J 4D 2 + 16C 2 ~ 4E 2 + 16C 2 £ 2 ~ 16C 2 ~ 16C 2 D 2 ~AB 2 ~ 
DB'D' BCD' B' 2 2EA'E' EB'E' EC'E' 

+ 25 3 ~ W ~ 2S 2 + AB 2 25 3 + 2B 2 C ~ 
DD'E' EB'E' E' 2 BB" EE" 



B 2 E B 2 B 2B 2 2B 2 2B 2 
1 l(g s Ma') 4 f(E 2 - B 2 ) + g s M 2 a' 2 ^/ g 2 f' 2 _ gX_ + 



64 C 2 B 4 E 4 8 VS 2 ^ 2 B 2 /) 2 
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9l{k-ff _ glik - ff _ ^ {l-Ff J*_ F*_ _ 2 „ F' 2 \ 

4C 2 d 2 4C 2 £ 2 c 2 d 2 c 2 £ 2 5 2 d 2 s 2 £ 2 y 

g s M 2 a' 2 _ fglT_ g 2 k' 2 (k - ff gj 2# (1-F) 2 

32 1 \B 2 E i B 2 D A 2 C 2 D 2 E 2 C 2 D 4 



p2 cV2 \ 

C 2 £ 4 B 2 D 2 E 2 ) 

3 Solutions 

There exists three solutions to these equations and are known as KT, KS and 
ABY/DKM. These solutions when expressed in our parametrization, reads 
as 
KT: 



A = B~ 1 = h'K r = r, C 2 = hh-, D 2 = E 2 = h\-, 

9 6 

1 3 v 3 v 
$ = Log g s ,F = -, f = k = -Log — , t = -Log— 

2 2 r 2 r 

I/x 27ng s a' 2 r 3g s M 2 T r 3g s M 2 , 

h(r) = — — — Log— + — 32 

V ; 4r 4 L 2tt r 8tt V ; 



(31) 



KS: 



A 2 = h~K B 2 = C 2 = ^4, D 2 = ^lKcosh 2T -, E 2 = ^lKs in h 2T -, 

m 2 2 2 ' 2 2 ' 

(sinh2r — 2t)s sinhr — r „ rcothr — 1 . 

= - rr . r — —,® = Logg s ,F= — , / = — — (cos/ir-1), 

2zsvnhr Isinhr 2smnr 

rcothr — 1 rcothr — 1 . 

/c = : [coshr +1), t = — (sinhlr — 2r), 

2smhr Asinh z r 

h(r) = (g s Ma') 2 2h~*I(r), 7(r) = /°° dx X °° th * - 1 (sinh2x - 2x)5, 

Jt Sinn x 

I(r) « 0.71805 + 0.18344 r 2 - 0.0306 r 4 + • • • (33) 
ABY/DKM: 
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The parametrization that we used is related to DKM as 

„26-2a „2c-2a 

A 2 = B- 2 = r 2 e 2a , C 2 = - , D 2 = E 2 = - , r = r 

9 6 

F=±, 3(g s Ma')f = 3(g s Ma')k = k DKM (34) 

If we assume that the unknown functions that appear in B 2 and metric 
satisfies the following conditions i.e. / = k and D 2 = E 2 then there is 
a simple solution to eq.(17) that is F = |, which is consistent with the 
flux quantization condition for F 3 and is in fact the solution for KT and 
ABY/DKM solutions. For this special case we left with 6 unknowns and as 
many equations. 

Let us try to find the linearized solution to the rest of the equations of 
motion written above, for this special case. Upon assuming that the solution 
depends on two parameters S and 0, explicitly it means that the solution 
reads as 

27ng s a' 2 ^g s M 2 r 3g s M 2 ^ 

h(r) = — Loq + 

V ; 4r 4 1 2vr y r 8vr J 

{9sM / )2 [{hi + h 2 Log r)S-h 3 4>] 

A{r) = h~* = B-\ C{r) = r -h{r)*[l + ^((ci + c 2 Log r)S - c 3 (ty] 
D(r) = I-h{r)*[l + \((d 1 + d 2 Log r)S - d 3 <£)] = E{r) 



$(r) = Log g s + -^ {{Pi + P2Log r)S - 

f(r) = k(r) = £(r) = hog r + ^((f 1 + f 2 Log r)S - h^j , (35) 

where c u c 2 , c 3 , d u d 2 , d 3 , f u f 2 , f 3 , h u h 2 , h 3 , p ls p 2 ,p 3 are all 
constants. Now solving these 6 equations we get the answer which depends 
on hi, h 2 and h 3 as 
g 

ci = — h 2 , c 2 = 0, c 3 = 0, di = 0, d 2 = 0, d 3 = 0, , 

64, 52, 16, 64, 

Pl = --h 1 + -h 2 , P2 = ~^h 2 , P3 = -^h, 

h = Tj^i - , h = gh, f 3 = —h 3 , (36) 

15 



it essentially means that this linearized perturbation generates solution 
which is characterized completely by the warp factor. 

For a choice like: hi = h 2 = f|, and h 3 = || , we get back the 

DKM solution [16]. Now, the question arises why such a choice is special ? 

To answer this question we may need to look at the supersymmetry pre- 
served by the solution. This we can say by looking at the type of the complex 
combination of three form flux that comes from RR, F 3 and NS-NS sector, 
H 3 . 

The general form of the complex 3-form 
G 3 = F 3 -ie~*H 3 

= -rrK 1 - F )95 A53AS4 + Fg 5 A gi A g 2 - %e V g 5 A gi A g 3 - 

(k — f) 

ie~*g s g 5 Ag 2 Ag 4 + F'dr A g 1 A g 3 + F'dr A g 2 A g 4 - 

ie~*g a f'dT Ag x Ag 2 ~ ie~®g s k'dr A g 3 A g 4 ] (37) 

For KT case it reduces to 

Ma' * dr 

G 3 = — — (g 5 - 2ie-*g s rf'—) A ( 9l A g 2 + g 3 A g 4 ) (38) 
4 r 

Using the solution eq(36), the metric for KT case reads 

r^ + (1 + 2 £i£)4 + 9i±ii±» 2 +^ 
r i r 4 9 6 

From this metric it just follows that we can introduce complex coordinate 

as 



ds 2 = h-^dxv + r 2 /,^^ + (1 + 2^f)f + ^^y 3 ^ 4 ] m 



dr . ( CiS g 5 2 dr c x S g 5 2 _ 

+ Hi + — )y = ^3^' 7- + — )y = ^ z * dz " ( 4 °) 



r r 



and from the paper of [17] 



2i 

9i A g 2 + g 3 A g 4 = —e ijk iZiZjdz k A dz x . (41) 



combining all that we get the expression 

g s rf^jz m dz m A eijkiZiZjdzf, A dz x 



Ma' 

° 3 ~ 



ciS, 2 



((1 - ^4-) - ®g s rf^z m dz m A eijkiZiZjdzk A dz x 
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It just follows trivially that 

iMa! ( . < : S 2 



G 



+ 



iMa' 



Sh 2 /28 16 T 
2 -( — + — Lo# r 



iMa' 



4 V81 27 
ci<S x 2 _ $ , 



z m dz m A eijkiZiZjdz k A 



Sh 2 f 12 16 T 

^\Ti + T7 Lo9r 



z m dz m A eijkiZiZjdzk A rf^;, 



(43) 



where G + is a (2, 1) form and G_ is (1, 2) form and its computed using the 
back reacted metric. Now it is easy to draw the conclusion that for h 2 — 
we can have a supersymmetry preserving solution. Which is not surprising, 
as the metric of the conifold eq(39) has changed to terms proportional to 
ci ~ h 2 . 

Probably it makes sense to say that we have a two dimensional real space 
that is described by (hi,h 3 ) plus a point at the origin h 2 = 0, preserves 
supersymmetry. As soon as we go away from the origin along the h 2 axis the 
system is not any more supersymmetric. Hence the interpretation that we 
have a supersymmetry preserving plane is correct. 

After taking the back reaction of the fluctuation we see that the metric 
of changed singular metric can be made to be same as the metric of the 
singular conifold metric upon setting the non-supersymmetric fluctuation 
to zero. This point could be useful to find the solution of the linearized 
fluctuation of the deformed conifold [19]. 



4 conclusion 

We have re-visited the linearized perturbation [16] to the gravity solution of 
the intersecting D3 branes and D5 branes wrapped on a 2 sphere [5], linear in 
the parameters S and and found that there arises infinitely many choices 
to hi, h 2 and h 3 . For any choice except the choice (hi, h 3 ) plane sitting at 
h 2 — 0, break supersymmetry dynamically. 

For a supersymmetry preserving solution the vacuum energy should van- 
ish, which means from the dual field theory point of view the energy should 
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vanish and by Lorentz invariance the energy-momentum tensor should go as 

<T^> ~ rj^h 2 S. (44) 

Its exact structure need to be computed following [18] , but for the specific 
choice to hi, h 2 and h% i.e. the DKM solution [16], the authors have given 
the relation between the parameter S and the energy momentum tensor, T^ v . 

Let us recall from the gauge gravity duality for the cascading theory, that 
is the two gauge couplings are related to the bulk fields 

47r 2 An 2 n & 
1 = — e 

2 ' 1 

9i 92 9s 

^-fK=2^(i ft )-*»> < 45) 

Now using the solution to the bulk field equations of motion into this 
duality 



47T 47T 7T 

+ 



9i 92 9s 



1 (, 64, 52, ^ 16, e>T 64, \ 

T + 81 ^ ~ Yf h ^ SL °9 r + g^M J 



4tt 2 4tt 2 3M r 

Log r + 



01 02 



5, 64, 52, 16, r w 3M 

— ( hi H ft 2 hoLoq r){TX 

r 4V 81 81 27 y A ^ 

S2M/.8, /i 2x 4 



— ((—zhi ^) H — h 2 Loq r^j 

4 o s V V 27 27 ; 9 y / 



/ 64, , 3M r , 2M 8 , \ , , n . 

r\~ 81 ^ ~ ~g~7 L ° 9 r) + 1727N " * (W 2n) (46) 

The non constancy nature of the dilaton makes that the (3 function for 
+ do not vanishes any more and % — has the leading term that 

91 9 2 J 91 92 to 

goes logarithmically and the subleading term goes as inverse power law. 

Its important to understand the field theory dual of this solution and the 
connection of it with [20]-[37], if any. 
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